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ON CONSECUTIVE PERFECT POWERS WITH ELEMENTARY METHODS
PAOLO LEONETTI
Abstract. Catalan’s conjecture claims that the Diophantine equation xp − yq = 1 admits
the unique solution 32 − 23 = 1 in integers x, y, p, q ≥ 2. The conjecture has been finally
proved by P. Miha˘ilescu (2002) using the theory of cyclotomic fields and Galois modules.
Here, relying only on elementary techniques, we prove several instances of this classical
result. In particular, we prove the conjecture in the following cases: p even (due to V.A.
Lebesgue), q is even (due to L. Euler and Chao Ko), x divides q, y divides x− 1, y is a power
of a prime, and y ≤ pp/2.
1. Introduction
In 1844 the Belgian mathematician Euge`ne Charles Catalan [4] conjectured that 8 and 9
are the only (positive) consecutive perfect powers. That is to say, the unique solution of the
Diophantine equation
xp − yq = 1 (1)
in integers x, y, p, q ≥ 2 is given by 32 − 23 = 1. In this respect, he only made some empirical
observations, which he stated without proof: e.g., he considered the special cases (x+1)x−xx = 1
and xy − yx = 1.
The history of the problem dates back to at least Levi ben Gerson (also known as Gersonides),
who considered in 1343 the Diophantine equations
2p − 3q = 1 and 3p − 2q = 1.
Some years after Catalan made his conjecture, V.A. Lebesgue [8] (not to be confused with
his more famous namesake H.L. Lebesgue) solved the case q = 2. In the early 1900’s, L. Euler
[5] and Chao Ko [6] gave a solution of the conjecture in the case p = 2 (it is worth noting that
a particular instance of this result, i.e., the case p = 4, has been previously shown by Selberg).
Their solutions are surveyed in Sections 2 and 3, respectively.
After years of study, R. Tijdeman [16] made an important breakthrough in 1976: by means
of Baker’s method in trascendence theory, he was able to prove that Catalan’s equation (1) has
at most finitely many solutions. In addition, he shows the existence of an effective computable
constant C such that p, q ≤ C whenever xp − yq = 1 for some x, y ≥ 2. Then, M. Langevin [7]
computed the explicit upper bound
C ≤ eee
e
730
.
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More recently, M. Mignotte [10] improved this upper bound, showing that every solution of
Catalan’s equation satisfies
p < 7.15 · 1011 and q < 7.78 · 1016.
Unfortunately, it appeared that the required computation to complete the proof was too huge
to be feasible (at this time, the conjecture could be proved by case checking only for p, q < 107).
Finally, P. Miha˘ilescu [11] solved completely the conjecture in April 2002, with a brilliant
proof which relies on cyclotomic fields and Galois modules (the result was published two years
later). In this regard, Catalan’s conjecture is nowadays known as Miha˘ilescu’s theorem.
Here, we are not going to present Miha˘ilescu’s proof, which can be found, e.g., in Schoof’s
monograph [14]. On the other hand, the aim of this article is to provide and collect elementary
proofs for several interesting cases of Catalan’s equation. The arguments used can be followed
by diligent students who have taken a first course in Number Theory.
First, a remark is in order: it can be assumed without loss of generality that p and q are
distinct primes. Indeed, if p′ and q′ are primes dividing p and q, respectively, then
xp − yq = Xp′ − Y q′ ,
where X := xp/p
′
and Y := yq/q
′
are integers ≥ 2. In addition, if p = q then
xp − yp ≥ (y + 1)p − yp ≥ 1 + py > 1, (2)
i.e., there are no two consecutive p-th powers. With these premises, our main result follows.
Theorem 1. Catalan’s conjecture holds in each of the following cases:
(i) q = 2;
(ii) p = 2;
(iii) x is a power of 2;
(iv) x ≡ 3, 5, 7 (mod 8);
(v) x divides q;
(vi) x ≡ 1 (mod y);
(vii) y is a power of a prime;
(viii) y ≤ min
(
(pq)p
q ,
(
q
√
p
2
)p)
.
In particular, case (viii) implies that Catalan’s conjecture holds if y ≤ pp/2. Proof of Theorem
1 follows, case by case, in Sections 2-9. Closing remarks and several open questions related to
Catalan’s equation are given in Section 10.
1.1. Notation. We let N and N+ represent the set non-negative integers and positive integers,
respectively (in particular, 0 ∈ N). Moreover, given a prime p and n ∈ N+, we let υp(n) be the
p-adic valuation of n, i.e., the greatest k ∈ N such that pk divides n.
1.2. Acknowledgements. The author is grateful to Salvatore Tringali (University of Graz,
Austria) for suggesting remarks that improved the readability of the article.
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2. Proof of Theorem 1.(i): q = 2.
Here, we are going to show that the Diophantine equation
y2 + 1 = xp (3)
has no integral solutions ≥ 2.
The case p = 2 does not have any solution, as it follows from inequality (2). Hence, let us
assume that p ≥ 3 (here, we recall that there is no loss of generality to say that p is a prime).
Clearly, x and y have different parity. If x is even then y is odd and y2 + 1 has to be divisible
by 4, which is turn impossible because
0 ≡ xp = y2 + 1 = (y + 1︸ ︷︷ ︸
even
)(y − 1︸ ︷︷ ︸
even
) + 2 ≡ 2 (mod 4).
This implies that x has to be odd and y even.
At this point, let us rewrite Equation (3) in Z[i] as
(y + i)(y − i) = xp,
where i is the imaginary number for which, by definition, i2 = −1. Then, on the one hand, the
greatest common divisor gcd(y + i, y − i) = gcd(y + i, 2i) divides 2i. On the other hand, i is
unit in Z[i] and x is odd. It follows that y + i and y − i have to be (coprime) p-th powers in
Z[i]. Therefore there exist integers a, b for which
y + i = (a+ bi)p =
p∑
j=0
(
p
j
)
aj(bi)p−j .
In particular, the imaginary parts of the both sides are equal, i.e.,
1 =
p−1
2∑
j=0
(
p
2j
)
a2jbp−2jip−2j−1 = b
p−1
2∑
j=0
(
p
2j
)
a2jbp−2j−1(−1) p−12 −j . (4)
Since the right hand side is divisible by b, then |b| = 1. Multiplying both sides by (−1) p−12 b, it
follows that we can rewrite Equation (4) as
p−1
2∑
j=0
(
p
2j
)
(−a2)j = (−1) p−12 b. (5)
Considering also that
y − i = y + i = (a+ bi)p = (a+ bi)p = (a− bi)p,
we obtain that, for some odd x, it holds
xp = (a+ bi)p(a− bi)p = (a+ i)p(a− i)p = (a2 + 1)p.
In particular, a is even and different from 0 (because a2 + 1 = x ≥ 2). It follows that
p−1
2∑
j=0
(
p
2j
)
(−a2)j ≡ 1 (mod 4),
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which implied, together with (5), that
p−1
2∑
j=0
(
p
2j
)
(−a2)j = 1. (6)
At this point, if p = 3 then the above equation implies a = 0, which is impossible. Otherwise
p−1
2 ≥ 2, hence Equation (6) can be further rewritten as
p−1
2∑
j=2
(
p
2j
)
(−a2)j = a2
(
p
2
)
. (7)
Finally, it is claimed that the number of factors 2 dividing each term in the left hand side of
the above equation is strictly greater than the one on the right hand side. Indeed, considering
that the identity (
p
2j
)
=
1
j(2j − 1)
(
p− 2
2j − 2
)(
p
2
)
holds for all j = 2, . . . , p−12 , we obtain that
υ2
(
a2j
(
p
2j
))
= υ2
(
a2j
j(2j − 1)
(
p− 2
2j − 2
)(
p
2
))
≥ 2jυ2(a)− υ2(j) + υ2
((
p
2
))
≥ (2j − υ2(j)) υ2(a) + υ2
((
p
2
))
,
which in turn is strictly greater than υ2
(
a2
(
p
2
))
= 2υ2(a)+υ2
((
p
2
))
. This implies that Equation
(7) has no integral solutions, concluding the proof.
3. Proof of Theorem 1.(ii): p = 2.
Since two squares of positive integers cannot be consecutive, it is enough to check the cases
q = 3 and q ≥ 5.
3.1. Case q = 3. In this case, Equation (1) can be rewritten as
y3 = (x+ 1)(x− 1). (8)
Notice that x + 1 and x− 1 are positive integers which differ by 2, hence they cannot be both
cubes. Since their greatest common divisor divides their difference, then gcd(x + 1, x − 1) is
exactly 2. In particular, x is odd and y is even: let us say x = 2m + 1 and y = 2n for some
m,n ∈ N+. Then Equation (8) can be rewritten as(
m+ 1
2
)
= n3.
Setting m = 1 we obtain the solution (x, y) = (3, 2). Then, it is claimed that every triangular
number greater than 1 is not a cube.
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If m is even, say m = 2k for some k ∈ N+, then k(2k + 1) = n3 and gcd(k, 2k + 1) = 1 so
that k and 2k+1 need to be both cubes. Otherwise m is odd, say m = 2k− 1 for some k ∈ N+,
then k(2k − 1) = n3 and gcd(k, 2k − 1) = 1 so that k and 2k − 1 need to be (coprime) cubes.
Therefore, in both cases we have to find k and ε ∈ {−1, 1} such that k = a3 and 2k + ε = b3
for some coprime a, b ∈ N+. By construction, it follows that
b3 + (−ε)3 = b3 − ε = 2k = 2a3,
hence it is sufficient to show that the Diophantine equation
α3 + β3 = 2γ3 (9)
admits no non-trivial solutions in Z (a step-by-step solution of a slightly more general equation
than (9) can be found in [15]). If (α, β, γ) is a solution of (9) and there exists a prime r dividing
both α and β then r divides also γ and (α/r, β/r, γ/r) still satisfies (9). That is why we can
assume without loss of generality that gcd(α, β) = 1 and by symmetry α ≤ β.
In particular, α and β have to be odd, hence we can define coprime integers u, v ∈ N such
that
u =
α+ β
2
and v =
α− β
2
.
Therefore, by construction, we get u(u2+3v2) = γ3, and it is claimed that there are no solutions
whenever v is positive.
◦ Case 3 does not divide u: If u is not divisible by 3 then gcd(u, u2 + 3v2) = 1, so
there exist coprime integers c, d ∈ N such that u = c3 and u2 + 3v2 = d3. Defining
t = d− c2, we obtain t(t2 + 3tc2 + 3c4) = 3v2.
Checking the remainders modulo 3, we deduce that t is divisible by 3, v is divisible
by 3, and t is then divisible by 9. Substituting t = 9e and v = 3f , we can rewrite the
equation as e(27e2 + 9ec2 + c4) = f2. At this point, it is straightforward to verify that
gcd(e, 27e2 + 9ec2 + c4) = 1, hence they have to be both squares. It means that we end
to solve in Z an equation in the form
a
4 + 9a2b2 + 27b4 = c2. (10)
◦ Case 3 divides u: If u is divisible by 3, with a similar reasoning, we obtain that
there exist w, z ∈ N such that u = 9w and v = 3z, so that w(27w2 + v2) is a cube.
Moreover gcd(w, 27w2 + v2) = 1, therefore they have to be both cubes, namely w = χ3
and 27w2 + v2 = δ3 for some χ, δ ∈ N. Define ν = δ− 3χ2; then ν(ν2 +9χ2ν +27χ4) is
a square. Again, these factors are coprime and we obtain an equation of the type (10).
It means that it is enough to show that Equation (10) has no solutions in non-zero integers.
Without loss of generality we can assume that gcd(a, b) = 1. At this point, if a is even then 4
divides 27b4−c2. Looking at this divisibility modulo 4, it implies that also b is even, contradicting
our coprimality assumption gcd(a, b) = 1. In addition, if a and b are both odd then, by reasoning
modulo 8, it is easily seen that Equation (10) has no integral solutions.
It follows that if (a, b, c) is a solution of Equation (10) then a is odd and b is even. In
particular, we can define the integer m = b/2. Note that a is not divisible by 3, otherwise b
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would be divisible by 3 too, looking at the equation modulo 81. Substituting we can rewrite the
equation as
27m4 =
(
c+ a2
2
+ 9m2
)(
c− a2
2
− 9m2
)
. (11)
These factors are coprime and positive since their sum and product are both positive.
Only two cases are possible: in the first case, the factors are 27a4 and b4, respectively, for
some coprime integers a, b ∈ N. It implies 3 divides 27a4 − 18m2 = b4 + a2, which is impossible
since −1 is not a quadratic residue modulo 3.
In the second case, the factors are a4 and 27b4, respectively, for some coprime integers a, b ∈
N. It implies that a4 − 18m2 = 27b4 + a2, with ab = m. The variable a cannot be even, looking
at the equation modulo 8. Moreover a and b cannot be both odd since a is odd, hence by force
b is even. To sum up, we can rewrite Equation (11) as
27b4 =
(
a2 + a
2
− 9
2
b2
)(
a2 − a
2
− 9
2
b2
)
(12)
with a, b, a integers such that a and a are odd and b is even.
Similarly, it is not difficult to check that the factors in Equation (12) are coprime and strictly
positive, implying that they are, in some order, in the form 27c4 and d4 for some c, d ∈ N. This
means that c4 + 9c2d2 + 27c4 = a2, which is again in the form of Equation (10).
Notice that a ≤ m < b < c whenever c ≥ 1. It implies that, if (a⋆, b⋆, c⋆) is a solution of (10)
which minimizes c with c ≥ 1, then we can construct another solution (a′, b′, c′) such that c′ is
smaller than c⋆. Therefore the unique solution of Equation (10) is (0, 0, 0).
3.2. Case q ≥ 5. We have to solve the equation
x2 − yq = 1 (13)
in integers ≥ 2, where q is a prime ≥ 5.
If x is even then gcd(x+1, x− 1) = 1 and (x+1)(x− 1) = yq, implying that x+1 and x− 1
are two coprime q-powers that differ by 2, which is impossible. Hence x has to be odd and y
even.
The following elementary result, which we are not going to prove here, belongs to the folkore
and it is commonly known as Lifting the Exponent. Typically it is attributed to E´. Lucas [9]
and R.D. Carmichael [2], the latter having fixed an error in Lucas’ original work in the 2-adic
case.
Lemma 2. For all integers a, b, n and primes p such that n is positive, p does not divide ab and
p divides a− b, the following ones hold:
◦ If p ≥ 3, then υp(an − bn) = υp(a− b) + υp(n);
◦ If υ2(a− b) ≥ 2, then υ2(an − bn) = υ2(a− b) + υ2(n);
◦ If p = 2 and n is even, then υ2(an − bn) = υ2(a− b) + υ2(a+ b) + υ2(n)− 1.
Based on this result, which will be useful also for other cases, we prove the following:
On consecutive perfect powers 7
Lemma 3. Let p, q be primes which are not both equal to 2 and a, b be distinct coprime integers
such that ap − bp is a q-th power not divisible by p. Then a− b is a q-th power.
Proof. By hypothesis, there exists an integer c not divisible by p such that
(a− b)
(
ap − bp
a− b
)
= cq. (14)
Then, let us suppose that there exists a prime r such that
r divides gcd
(
a− b, a
p − bp
a− b
)
.
According to Euler-Fermat’s theorem, it holds ap − bp ≡ a − b mod p. Since p does not divide
ap − bp, then r 6= p. Hence, we obtain by Lemma 2 that, if r divides a− b, then
υr
(
ap − bp
a− b
)
= υr(p) = 0.
This implies that the factors in Equation (14) are coprime.
If q ≥ 3, then we are done because each of them has to be a q-th power. Otherwise, we are
just left to check the case q = 2 and p ≥ 3, together with a− b = −d2, for some non-zero integer
d. But this is impossible since it would imply that
ap − bp
a− b =
c2
−d2 < 0,
and in particular ap − bp and a− b should have different signs. 
At this point, since gcd(x + 1, x − 1) = 2, we can define integers ε ∈ {−1, 1} and coprime
a, b ∈ N+ such that x ≡ ε (mod 4), y = 2ab, x+ ε = 2aq, and x− ε = 2q−1bq.
Since q ≥ 5 and x ≥ 2, we deduce(a
b
)q
= 2q−2
x+ ε
x− ε ≥ 8
x− 1
x+ 1
≥ 2,
implying, in particular, that a is greater than b. Moreover, we have by construction
a2q − (2εb)q =
(
x+ ε
2
)2
− 2ε(x− ε) =
(
x− 3ε
2
)2
.
Then, according to Lemma 3, if q does not divide 12 (x− 3ε) then a2− 2εb has to be a square:
this is not possible since a2 6= a2 − 2εb and |2εb| = 2b ≤ 2(a− 1), with the consequence that
(a− 1)2 < a2 − 2εb < (a+ 1)2.
It follows that q divides 12 (x − 3ε) and in particular q does not divide x since q ≥ 5. Again by
Lemma 3, rewriting Equation (13) as x2 = yq − (−1)q, there exists an integer ζ ≥ 1 such that
y− (−1) = ζ2. In particular ζ is a odd integer and y is not a square, since by assumption y ≥ 2.
It means that (ζ, 1) and (x, y
1
2
(q−1)) are two solutions of the Pell-equation α2 − yβ2 = 1. Since
(ζ, 1) is its fundamental solution (see for example [1] for the theory underlying Pell-equations),
there exists a positive integer m such that
x+ y
q−1
2
√
y = (ζ +
√
y)m. (15)
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Then, in Z/yZ[
√
y] we obtain x = ζm +mζm−1
√
y, which implies that y divides mζm−1. In
particular, y is even, ζ is odd, and m is even.
Looking finally at Equation (15) in Z/ζZ[
√
y], we obtain x + y(q−1)/2
√
y = ym/2, so that ζ
divides y(q−1)/2. Supposing that ζ ≥ 2, there exists a prime r such that r divides ζ, which in
turn divides y, and by construction r divides ζ2 − y = −1, which is impossibile. Therefore we
have shown that, given a prime q ≥ 5, if x, y, ζ,m verify Equation (15) then ζ = 1, with the
consequence that Equation (13) has no solutions.
4. Proof of Theorem 1.(iii): x is a power of 2.
Assuming that q is an odd prime by case (i), it is sufficient to rewrite the Diophantine equation
(1) as
xp = (1 + y)(1− y + y2 − · · ·+ yq−1︸ ︷︷ ︸
odd≥3
),
which does not have clearly any solution.
5. Proof of Theorem 1.(iv): x ≡ 3, 5 or 7 (mod 8).
According to the cases (i) and (ii), we can assume that p and q are distinct odd primes. Note
that, since x has remainder 3, 5, or 7 modulo 8, then x is odd. Hence, y has to be even. It
follows that 8 divides xp − 1, which is impossible since
xp − 1 = x
(
x
p−1
2 + 1
)(
x
p−1
2 − 1
)
︸ ︷︷ ︸
two consecutive even numbers
+(x− 1) ≡ x− 1 (mod 8)
and 8 does not divide x− 1 by hypothesis.
6. Proof of Theorem 1.(v): x divides q.
Notice that if xp − yq = 1 for some positive integers x, y, p, q greater than 1 and x divides q
then
xp − Y x = 1,
where Y := yq/x. Accordingly, we can assume without loss of generality that x = q and solve
the Diophantine equation xp − yx = 1. By the case (ii) we know that x has to be odd, hence y
is even.
Since y + 1 divides yx + 1 = xp then there exists an odd prime r dividing both x and y + 1.
It follows by Lemma 2 that
υr(x
p) = υr
(
(y + 1) · y
x + 1
y + 1
)
= υr(y + 1) + υr(x),
so that (p− 1)υr(x) = υr(y + 1). In particular, we obtain
y + 1 ≥ rυr(y+1) = r(p−1)υr(x) ≥ 3p−1 ≥ 2p + 1,
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where the last inequality holds for all p ≥ 3. Therefore y is greater than or equal to 2p, with
the consequence that
xp = yx + 1 ≥ 2px + 1 > 2px.
We conclude that x is greater than 2x for some integer x ≥ 2, which is impossible.
7. Proof of Theorem 1.(vi): x ≡ 1 (mod y).
In this case, we are assuming that there exists z ∈ N+ such that x = yz + 1. Again, we can
assume that p and q are distinct odd primes in Equation (1), which in turn can be rewritten as
yq = (yz + 1)p − 1, i.e.,
yq−1 = z
(
1 + (yz + 1) + · · ·+ (yz + 1)p−1) .
Since the second factor has remainder p modulo z, then
gcd
(
z, 1 + (yz + 1) + · · ·+ (yz + 1)p−1) divides p. (16)
Let us first assume that the greatest common divisor in (16) is 1. Then there exists coprime
α, β ∈ N such that
z = αq−1 and 1 + (yz + 1) + · · ·+ (yz + 1)p−1 = βq−1.
Since αβ = y by construction, then yz = αqβ, which implies in turn that
p−1∑
j=0
(1 + αqβ)
j
= βq−1.
At this point, β is an integer greater than 1 and the right hand side has remainder p modulo β.
Therefore β has to be exactly p, with the consequence that
pq−1 =
p−1∑
j=0
(1 + αqp)
j
=
p−1∑
j=0
j∑
k=0
(
j
k
)
αqkpk = p+
p−1∑
j=1
j∑
k=1
(
j
k
)
αqkpk.
One the one hand, it is easily seen that
p−1∑
j=1
j∑
k=1
(
j
k
)
αqkpk = (1 + 2 + · · ·+ (p− 1))αqp+
p−1∑
j=2
j∑
k=2
(
j
k
)
αqkpk
= p2
p− 1
2
αq + p2
p−1∑
j=2
j∑
k=2
(
j
k
)
αqkpk−2 ≡ 0 (mod p2).
On the other hand, since q is an odd prime then p2 divides pq−1, the above sum cannot be a
multiple of p2.
Let us assume now that the greatest common divisor in (16) is p. Then there exist u, v ∈ N
such that
z = pu, 1 + (yz + 1) + · · ·+ (yz + 1)p−1 = pv, and yq−1 = p2uv.
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Hence, y is a divisible by p, and there exist positive integers h, k such that y = phk such that p
does not divide k. As in the previous case, we can see that p does not divide v, indeed
p−1∑
j=0
(yz + 1)j =
p−1∑
j=0

 ph+1ku︸ ︷︷ ︸
divisible by p2
+1


j
≡ p (mod p2).
It implies that there exist coprime positive integers γ, δ, not divisible by p, such that
z = ph(q−1)−1γq−1, 1 + (yz + 1) + · · ·+ (yz + 1)p−1 = pδq−1, and y = phγδ.
Accordingly, we deduce that
pδq−1 =
p−1∑
j=0
(yz + 1)j =
p−1∑
j=0
(
phq−1γqδ + 1
)j
.
Multiplying both sides by phq−1γqδ we get
yq =
(
phq−1γqδ + 1
)p − 1 = p∑
j=1
(
p
j
)
pj(hq−1)γqjδj . (17)
If δ is greater than 1, then it has to be divisible by some prime r, so that in particular
qυr(δ) = υr

 p∑
j=1
(
p
j
)
pj(hq−1)γqjδj

 = υr

phq−1γqδ + p∑
j=2
(
p
j
)
pj(hq−1)γqjδj

 .
Recalling that δ, γ, and p are (pairwise) coprime, then the right hand side is exactly υr(δ),
which is impossible since q is greater than 1. Therefore δ = 1, and the Equation (17) simplifies
to
p∑
j=2
(
p
j
)
pj(hq−1)γjq = 0,
which cannot hold because it is a (non-empty) sum of positive integers.
8. Proof of Theorem 1.(vii): y is power of a prime.
According to the cases (i) and (ii) proved in Sections 2 and 3, respectively, if (x, y, p, q) is a
solution of the Equation (1) different from (3, 2, 2, 3) then p and q are [distinct] odd primes. At
this point, let us rewrite Equation (1) as
yq = (x− 1) ·
(
xp − 1
x− 1
)
. (18)
The first factor has to be greater than 1 by case (iii). In addition, the second factor (which is
greater than x− 1) has to be odd, indeed
xp − 1
x− 1 = 1 + x+ · · ·+ x
p−1 ≡ 1 + x(p− 1︸ ︷︷ ︸
even
) ≡ 1 (mod 2).
In particular, also x − 1 has to be odd: indeed, supposing that y = ℓc for some prime ℓ and
positive integer c, then x−1 = ℓa and xp−1x−1 = ℓb for some integers 1 ≤ a < b such that a+b = cq.
On consecutive perfect powers 11
Then, according to Lemma 2, we obtain
υℓ
(
xp − 1
x− 1
)
= υℓ(p).
It implies that the greatest common divisor between x− 1 and xp−1x−1 is exactly p, which in turn
is equal to ℓ. Therefore, we can say that
x− 1 = p and x
p − 1
x− 1 = p
b
for some integer b ≥ 2. We can conclude that
pb+1 = (x− 1)pb = xp − 1 = (p+ 1)p − 1 =
p∑
j=1
(
p
j
)
pj = p2 + p3 · p− 1
2
+
p∑
j=3
(
p
j
)
pj ,
which is impossible since the left hand side is divisible by p3 while the right hand side is not.
9. Proof of Theorem 1.(viii): y ≤ min
(
(pq)p
q ,
(
q
√
p
2
)p)
.
As before, according to the cases (i) and (ii), we can assume that p and q are distinct odd
primes. Then, reasoning as in the case (vii), we rewrite Equation (1) in the form (18), and
notice that for each odd prime r dividing x− 1 we get by Lemma 2
υr
(
xp − 1
x− 1
)
= υr(p),
which implies in turn that
gcd
(
x− 1, x
p − 1
x− 1
)
divides p. (19)
Let us suppose, at first, that the greatest common divisor in (19) is 1, i.e., there exist two
coprime integers a, b ≥ 2 with product y such that
x− 1 = aq and x
p − 1
x− 1 = b
q.
In addition, let us assume the following Cassell’s result [3], which can be proved by means of
elementary methods.
Lemma 4. Fix integers x, y ≥ 2 and primes p, q ≥ 3 such that |xp − yq| = 1. Then p divides y
and q divides x.
Lemma 4 immediately implies that p divides yq = (x − 1)
(
xp−1
x−1
)
, hence p divides at least
one between x − 1 and xp−1x−1 . If p divides x− 1 then, thanks to Lemma 2, p divides also x
p−1
x−1 .
Conversely, if p divides also x
p−1
x−1 , then x
p ≡ 1 (mod p) and, by Euler-Fermat’s theorem, x ≡ 1
(mod p) as well. This contradicts the coprimality assumption between x− 1 and xp−1x−1 .
On the other hand, let us suppose that the greatest common divisor in (19) is p, i.e., there
exist two coprime integers c, d ≥ 2 with product y such that
x− 1 = pq−1cq and x
p − 1
x− 1 = pd
q.
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Recalling that q divides x by Lemma 4, we obtain
0 ≡ x = 1 + pq−1cq ≡ 1 + 1 · cq ≡ 1 + c (mod q),
so that there exists X ∈ N+ such that
x = 1 + pq−1(Xq − 1)q.
Rewriting Equation (1) as (y + 1)
(
yq+1
y+1
)
= xp, it can be seen with a similar argument that
there exists Y ∈ N such that
y = −1 + qp−1(pY + 1)p.
Let us suppose that Y ≥ 1. Then the hypothesis y ≤ qp−1pp implies
qp−1pp ≥ y ≥ −1 + qp−1(p+ 1)p > qp−1((p+ 1)p − 1) > qp−1pp,
which is false. This forces Y = 0, so that y = qp−1 − 1.
Finally, the hypothesis y ≤ pp/2(q/2)p implies
1 + pq−1 (q − 1)q ≤ x = (yq + 1)1/p ≤
((
p
p
2 (q/2)p
)q
+ 1
)1/p
<
((
pp
q−1
q (q/2)
p
)q
+ 1
)1/p
<
(
pp
q−1
q (q − 1)p
)q/p
= pq−1 (q − 1)q ,
which is false. This completes the proof.
10. Closing Remarks
There are many open questions related to Catalan’s equation. For instance, Pillai [12, 13]
conjectured in 1936 that, for each k ∈ N+, the Diophantine equation
xp − yq = k
has only finitely many positive integer solutions (x, y, p, q), with p ≥ 2 and q ≥ 2.
It is worth noting that Erdo¨s formulated an even stronger conjecture, i.e.,
an+1 − an ≫ nε
for some ε > 0, where an stands for the n-th element of the increasing sequence of perfect
powers, so that a1 = 1, a2 = 4, a3 = 8, a4 = 9, . . ..
On a similar note about perfect powers, the banker A. Beal offered in 1993 a $1 million prize
for a proof of the following conjecture: Given x, y, z, p, q, r ∈ N+ with p, q, r > 2 such that
xp + yq = zr
then gcd(x, y, z) > 1. Actually, the prize remains unclaimed (however, the abc conjecture would
imply that there are at most finitely many counterexamples to Beal’s conjecture).
A beautiful survey of open problems and history of classical questions related to perfect
powers can be found in [17].
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